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Educational decision-mzkers are faced with the task of allocating
schaol resouhces in such a viay as to maximize student chtcomes; The
problem of how best to:proceed is compiicated by»the questien of
priorities among the outcenes‘to be attained; ang because of  the :
multiplicity of student'cutcomes, it is not likelylthat-all:outcdnes ',]
can be maximized at once. Also, aside from questions of technical
efficiency, decision-makers are constrained in their choice of plans
by a limited budget and by social, political and legal forces. Thus, -
the process of maximizing outcomes is irrevocably placed in the
context of planning the best available use of scarce resources. The
desire for rational decision-making entails that decisionomakers<have
some empirical notions of how the various inputs into the edpcational f
process relate to student outputs. The prices of school inputs must be
known if the question of allocative efficiency is to be considered ‘

Given this backgrbund the rationale for the present study was a :‘J;
response to the need for studies that demonstrate the utility'and j— “
Timitations of mathematical models as aids in improving educational ‘:f'
planning and decision-naking The problem of the study was to develop
a mathematical model to facilitate the decision-making process in
selected areas of educational activity by Optimizing the allocation
of scarce resources and to empirically 11lustrate its application.

In development of the model attention was given to: = \
B Determining the educational production function the describes

the input-output relationship between selected variables.

[N .




2. Determining the optimai combination of inputs to maximize
output subject to certain costs and other constraints. :7

3. Determining the optimal combination of inputs to maximize
output, subject -to certain constraints, given increments in the budoet
constraint. , ;‘m

To accomplish.the above: first required that the nrocessfofAi
education ve conceptuaiized - Mathematical models do not evolve in
the absence of a. ‘conceptual framework, Basically,. the process of
education was viewed as a function of the various inputs into the
process. These inputs include student, community‘and schooitfactors,'
The first two are regarded as essential to the conceptuaiizationiof‘
the process, as these factors necessarily interact with, indeed may f
be causal determinants of, the various school factors. Givenjthisl
interaction among the various input factors together with presomed~
causal directions, the process or education results in certain.u'

outcomas, Among these are cognitive achievement, affective growth

and physical’ deyelopment.

. ',‘

With this conceptuai framework the transiation to a mathematical ft

model occurred. Concurrent with this transiation was the desire to

allocate school resources in such a way that would maximize certain ~_4ef, .

student. outcomes. Thus a mathematical model was first required to :

estimate. tne educational production function and the budget equation.‘y,', ;7"

. A

: o R
Given the productionafunction as an- objective fhnction and the budgetv_-
equation as one of the constraints, an optimization strategy was '

employed. Other constraints .can be based on empiricai evidence or

; .

the subjective desires of decision-makers. Also, the constraints | }n';nfﬁziﬁ'f




should include minimum standards to be achieved by other outputs and -

bounds on the observed variation in the independent variables.

In the empirical application, data were utilized to illustrate
the model. To estimate the production function and the budget
equation, cross-sectional data were used in a survey-type design.
The data were collected‘in a study of school productivity under'
the direction of the National Educatioral Firance Project (NEFP) 1
The data consisted of aggregate measures on input factors in lBl
local school districts in a given state. Twenty-four variables were
measured providing information on (1) student»and’community inputs,
(2) median reading achievement at the sixth-grade level, and (3) selected
school resources. -

Description of the Variables

Variables were selected from the NEFP data that were descriptive ;f=fﬁ .
of both in-school and out- of-school factors of each school district. :» o
Although there have been many variables identified in related research i

the variables selected for this study were variables used previously

by researchers to examine correlates to school performance or ’.5'_ @:j¥;:~f.:5i
represented variables that were selected by the Research Staff of the f}f :

National Educational Finance Project as potential predictors of school
Yo ¥ ﬂ, Lo eud u FIRCE S P S N a(u,‘ .; 4 : -,-";-.:t;,

productivity. R : S SORARNTE e R

Data for the following variables were compiled from available ,lq
records at the state department of education for a given state,

except for variables X, through Xyt 12




Income per-pupil (x])--Data for X, were taken directlyefrom .

Personal Income by School Districts in the United States.

Income under $3,000 (x,)--The percentage of gross ineome less -

than $3,000 was computed by totaling the number of tax returns per
district and dividing this total into the number of returns reporting

gross income less than $3,000.

Income over $10,000 (x3)--The percentage of gross 1ncome§ over"‘.
$10,000 was computed by totaling the number of tax returns per
district and dividing this total into the number of returns reporting’
gross incomes over $10,000. '

ESEA Title I Pupils (xa)--x4 was computed by forming a ratio

of numbers of pupils eligible for Title [ orograms to pupils in ADM.' 
ADM was used as the denominator rather than ADA because the attendance
habits of the two groups (ESEA Title I Pupils and total pupils) would
not necessarily be the same,

Hinorifx enrollment (xg)--The district percentages of pupils

enrolled, during 1968-69, that were nonwhite, Spanish speaking,u .

Oriental or American Indian were obtained directly from the state o

department of educition. - | : .:ﬁfsz ;
Attendance (xg)--xg was calculated by forming a ratie of‘ADA

to ADM. The ADA and ADM were 1968-63 school year figures. 5“

Future training (x7)--The percentage of graduates receiving

post high school education was computed by forming a ratio of ‘the |
the number of 1969 graduates entering future training to tptal ’

1969 graduates.

Size of school district (xB)z-ADM for the 1968-69 schoo year



was used as the indicator of school district size.

Percentage enrolled (xg)--The percentage of children age‘5-17 '

enrolled in putblic school was calculated from information contained
in the fal) 1968 school census report filed by each district uith
the state department of education.

Transportation cost (xlo)--Transportation cost per pupil was

computed by div1ding the 1968 69 school year cost for transportation
by the number of pupils in ADA.

Local fiscal effort (x]])--Local fiscal effort nas determined by

forming a ratio of local revenue per pupil in ACA to the adjusted gross,_‘
income per pupil in ADA. Local revenue per ADA was computed by -
dividing total local revenue by the number of pupils in ADA during
the same year,

Expenses of instruction (xlz)--x was computed by tekfng the

12
percentage of total current expense disbursed for instruction during

the 1968-69 school year.

Longevity experience(x 3)--)(]3 was calculated by forming a.}
ratio of teachers with 20 or more years of experience to the total -

number of teachers for the '1968-69 school year.

Teacher preparation (x]4)--X]4 was computed by fonming a ratio

of teachers with less than four years training to the total number

of teachers for the 1968-63 school year.

““““

Teacher experience (“15)"xls was calculated by fbrming a ratio

of teachers with less than five years experience to the totaj;number

of teachers for the 1968-69 school year. ;E‘ :MQW

" Advanced preparation (x]ﬁ)--xls was computed by form1ng a ratio i



of teachers with either an advanced degree or 30 hours of professional
training beyond their Bachelor's degree to the total number of teachers

for the 1968-69 school year,

Median teacher sala[y,(x17)--Variable'x]7 was the 1968-69
median teacher salary for each school district. '

Average class size (xls)--Average class size for the 1968-69

school year was determined by dividina the number of district pupils

in ADA by the number of classroom teachers in the district. 

Pupil-support personnel ratio (xlg)—-The pnpil-supporttpersonnelO"
ratio was calculated by forming a ratio of district'pupils‘in'hnh’ |
during the 1965-69 school year to the number of certified non-
teaching personnel employed in the district for the same year.

Expenses for transportation (xzo)-—x20 was computed by taking

the percentage of total current expense disbursed for transportation

during the 1968-69 school year.

Median reading achievement (x21)--X o} vas the median score for the -ﬁh

school district during 1969 on a standardized reading achievement wia
test for sixth-grade pupils developed by the state department of -
education. ‘ |

Average daily attendance (x ) x p Was the average daily

attendance for the school disthict for the 1968-69 school year.

Total current expenditure (x23)--x23 was the totel current

expenditure for the school district for the 1968-69 school year..

Instructional expenditures per-pupil (x24)=-x24 was computed
by forming the ratis of expenses of instruction to ADA (x,;)

The only output included in the present 1ist of varieblesAwas‘



the sixth-grade median reading achievement score for the dissrict

(le). While there is some concern ovef whether or not cegnitive'skills
are the most useful outcomes of schooling, knowing sdmething meaningful
about success in the area of cognitive scores is far superior to
knowing nothing at all; and this knowledge should atlowssome general
inferences that would be most helpful in pointing general policy

d1rections..

Repeatedly, the necessity for knowing the ranges of each of the
variables in the observed data has been indieated. This was essential
since predictions cannot be extrapolated beyond the range of observed . -
variation. At the same time, the means and standard deviations of
each variable are 1isted to provide additional information regarding
the variability of the data. Thislinformation is shown in Table 1,

[t was believed that these data provided the widest possible variation
in existinq1da£a for a given state.

The Data Analysis Plan

The first step in the data analysis involved estimating thc
production function and the budget equation using multip1e regressions
A program from Biomedical Computer Programs (BMD) was. used 3 The
particulay program is identified as BMDOZR - Stepwise Regression.
The program computes a sequence of multiple regression equations in a »s‘
stepwise manner. At each step one var:able is added to the regression:;'l}
equation. The variable added is the one which has the highest partiaf'
correlation with the dependent variable partialed on the variables |
which have already been added. Equivalently, it is the variable which; ’
if it were added, would have the highest F value. In addition,‘



variables can be forcel into the regression equation. Regression ,‘u H
equations with or without a regressi 1 intercept may be'selected |
This program proved highly satisfactory for several reasons. First,
of the variables containing redundant information (highly related), o
stepwise. regression selected only the ones that were optimally\related?f T
to the dependent variable, omitting the remaining variables from the
equation. Secondly, since most school variables were wanted in the
equation, these variables were forced. Third, the stepwise procedure
allowed the contribution to the multiple R of each variable as it o
entered the equation to be viewed (1.e., what has been gained by allowingb;;f
this variable to come into the equation). _ , l
The process of estimating these two equations was exploratorvhin-; R
nature. Thus, as a first step all linear tewms were_considered, some _.h
being forced into the equation. Secondly, all quadratic and'cubic ' |
terms were tested. Then selected interaction terms were tested.‘ lt.f e

¢
was not possible to examine all interaction terms simultaneously;

In a sample of 181, the maximum number of terms that the regression R R

equation could have was 180. Yet with 20 independent variables therei}t5_5i o

were 190 possible interactions. Thus analysis was Vimited to those ?nifj‘i
interagctions that were logically vieved as having potential impact onl;bihf
scnool achievement (community-school and school-school interactions) |
To determine:whether a variable that. was tested made a significant;j;f“t"
contribution involved making a choice as to the significance level |
to be employed. For-those terms that were free to come. into the I
equation (i.e., non-forced) it was felt that they should enter only |
if a noteworthy contribution was being made. lhe investigator observed -

L. ‘ " .
[

o ) . R




that by setting the F-to-enter at 6.80 ( 99 ] 160 6 80}, variables _’:’
coming into the equation made an addition to the myltiple R of generaliy
1 or more percent. It was felt that in latter steps of the—regression. |
analysis, any varfable that could make a zentribution of 1 or more
percent should: enter the equation. . | I

Finally, the analysis ended with nonlinear functions'consisiing'
of certain forced linear terms and any other terms which made a. significant
contribution to the multiple R (linear, higher degree or interaction EaE
terms). I

Given the production function and the budget equation, the second .
major stage of the data analysis was solving a mathematical programming
problem in which the production function was the objective function
and the constraints included the budget equation and bounds on the -
observed variation in the independent variables. A programffor solving ;f‘
nonlinear programming problems comes from the SHARE Program:fihraryf4‘iﬂ
The particu]ar program is SDA 3189-SUMT, The purpose of this program ‘ o
is to solve nonlinear mathematical programming problems where the r_j:};f“i"f‘#:

PP S
"'i.‘

objective function and constraint' may be nonlinear. The progran

uses SUMT (Sequentiai Unconstrained. Minimization Technique) to 17 | 3: '\';

l

solve the-mathematical programming problem.s Users must supply a

by
i

subroutine to read in the problem data and three subroutines to

3

evaluate the problem functions, and: their first and second partial e

BEEY L
derivatives. If the objective function is not concave. then it is ;T'Ii |
necessary to start the aigorithm at various points tn the feasible ‘:.f‘n?ﬂ'?

domain of solutfons. ~ | ‘ 3‘”iffi‘§sj[5 fi‘fj_ﬁ |




RESULTS S A R
Estimating the Production Function o

.’3-

¢

The school inputs: used in the production function described only | : 5 :
a limited area of educational activity. In particular, certain teachers o
characteristics were considered experience, training and level of
salary. Also, classroom size, pupil-support personnel ratio, and the o
size of the district were used. Table 2 gives the results of the I
analysis for estimating the production function. | R N

Given the various inputs (i.e., student,community andischool)“ "L;
into the educational process, the following non-school inputs were e
found to make significant contributions in explaining tle: variation in C
reading achievement at the sixth grade level: »HL? R,

1. Percentage of'gross incomes over $10,000 in the scnool'district,:;‘*

2, Attendance: ratio of ADA to ADM. ' | 'ifJ_‘:i ixif K

3. Percentage of graduates receiving post high school education .

or training.w

S ,sl__‘.
Also, the following interactions of non- school inputs with Schooi

inputs were found to be significant.

1. Interaction ofsthe percentage of ESEA Title I students with

the pupil-support personnel ratio.

s 3

2. Interaction of the percentage of minority enrollment with ]

average class size.

School inputs were forced into the.regression.equation since estimates ;‘;§:l :
of the effect of each were needed. The above led to the estimation of X

a production function (reading achievement-dependent variable) with an

RZ = 0.79, '



The regression coefficient for the percentage of teachers with

J.¢

Tess than four years training (x]4) was as expected (b=_-i 511): ﬁf;:\uT;A,
However, this percentage interacted with median saiary (x17) The '
interaction coefficient stated that increases 4n median saiary fore

T

a given percentage of x]4 were associated with increases in achievement.

In facttifor x,; $$9.000, an increase of 1 percent in. *14 was
associat:d£nith an increase of 0. 099 units in achievement.. As,in aii .
such cases where:trouhle is suspected, recourse was made to a frequency
distribution. Table 3 reveais the results of: such analysis.k Hhat was -
observed:was that as. the saiary level increased the range of x14 ligj}”{ﬁ*
became more and more restricted Thus when - EETE
1002 x,.'= 110, s
then 0= x4 =12.5. T L
If the interaction is to be meaningfui when xq9 = 105, then xM must be .
in the intervaT from 0 to 12.5. This fact became more cruciai when

the stage of progrannﬁng analysis was considered.

Estimatingf the- Budget Equation

Basica]iy, the same procedure was foiiowed for estimating both' i* 4

the budget equation and the production function. _The totai current

5":‘

‘expeﬂdftu'e for instruction per-m:pii (x24) was the dependent variable..
A per-pupii cost variabie was preferred since using total cost ieads 3
to scaiing difficulties. Since most of the school variabies used in o

z‘).., f«e,-fs WA S At s vyl PO ~{,-'-=!

the study were considered instructionai expenditures it was felt that {{ .
per-pupii instructional expenditures was a better choice for a dependent
variable than per-pupii total current expenditures (x23) The results

are given in Table 4,




_increased quaoraticaiiy rather than 1ineariy. “Two schooi variables

- oefficients gave the price of each variable while other variables

Schoo} variables were forced into the equation so that tbﬁ pr ces e
of each could be estimated. Only one non- ~school variable made a e
significant contribution, namely the percentage of minority enrollment. ,: ;ﬁ -

As the percentage of minority enroliment increased, per-pupii cost

had significant Jquare terms. namely percentage of- teachers with .
advanced preparation and median teacher salary. . The budget equation
was estimated with an R = 0,94, '

In summary, it appears that the budget equation estimated the :fffﬁf[* y

.._.'a ‘M.es 'Y

prices of the school inputs reasonably well, Furthermore, thev

were held constant. This was a necessary requirement for the programming if:fff
analysis, | . 7fg"{" Sk
Formulation of the Mathematical

Prograrmﬂ ng Problem
T

In soivinq a mathematical programming problem the educational o
production function becomes the objective function and the constraints
include the budget equation as well as bounds on the observed variation
of the independent variables. Model specification of the production
function requires community and student inputs as. weii as . schooi o
inputs. Hovever, cormunity and student inouts cannot be manipuiated

t-!i

by school authorities. These inputs cannot be: considered as.variables

in the programming analysis. Rather, the objective is to maximize
the production function for a given set of community and student '
inputs. More specifica]ly. given the production functiin. | Seass

Ay = 9(Cqs Sy5 14y Py, - ' ’3_,';113:f1 T ?};?i;fqt;f“

.
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where A; =vector of educational ouicomes of the 1th_student.s
€y = vector of community inputs relevant to the itb stu;ent,
Sy = vector of school inputs relevant to the ith student,
P; = vector of peer influences, .

= vector of initial endowments of the 1th individual,

~—
—be
|

AT

then for a given set of community, peer-group, and indivioual inputs,.
the above can be transformeo to: |

Ay = ok, Sy)
where k is a constant. Thus for a given set of school inputs, the
progiem is to | — |

Haximize A; = g(k, Si)
subject to zifgik,si)ii Bj where the f; are constraints. :

Since the variables were macroscopic (i.e., level of data treat-
ment was the district), individual inputs were deleted from the model.
Interest centered on the analysis of educational policy for the population ‘
as a whole, Thus for community and student inputs the: mean va]ues of
the relevant variables were used. Statistically, this had an enormaus f’,.
benefit, since in the production function the mean level of achievement
for the complete popu]ation could be predicted perfectly (1 e., no
residual error occurs). N Af};;£' -

Thus, the school inputs (x12 - xlg) should become the variables
in the programming analysis, all other variables assuming constant
values equal to the population means. Further ref]ection‘reVealed,.
however, that variable X12 (percent of total current expenditore for
1nstruction) was not manipulab]e in this analysis. A]l other school

variables (x]3 - x19) related to instructional resources and tne

.",.



14
dependent variable in the budget equation was total instructional
expenditure per-pupil (xp4). Thus, ways of reallocating resources
in the instructional category with a given budget for instructional
expenses were being considered. This does not change tbe percentage of
total current expenditure going to instruction, since the instructional
budget remains the same. Tnus in the analysis X312 remained constant.-

Another d‘fficulty centered on the interaction term, x14x
(PREP:MEDSAL). Pre}iminary data analysis revealed that the'maximum
observed value for x;, (32.1) should be used with X7 set at 122. 5
Nevertheless an examination of the frequency distribution did not
support this conclusion since the range of x]4 became more and more
restricted as xq7 increased. This problem was discussed earlier. |

The problem was resolved by making x., constant.

School district size, as detenn::ed by average daily attendance
(ADA - xzz), was potentially manipulable to the extent that consolidation |
of school districts can and should occur. Earlier no optimal scale of
economy with respect to district size and per-pupil costiuas revealed
It was observed that the larger the district the lower the beerupil
cost. However, achievement was negatively related to district size
(b = -0.004), It is possible, therefore, that there would be an
optimum size for the school district for maximizing achievement
constrained by cost. Preliminary data analysis did not suggest any
solution within the feasible domain. Thus x5, can be set at various
levels and the effects of different district sizes on achievement and
the distribution of resources for a given per-pupil budget can be

.

observed.



| ETION
The foregoing suggests that analyses can be conducted at various .
levels of xy4 (PREP & 4) and X (ADA) In addition to the con- .
straints previously described 1t was also observed that the sum of
variables x,, (EXP = 20) and X, (t&P'ﬁ-B) must aIways be less than'
100 and that the same held true for‘x]4 (PREP<< 4) and xTG(ADPREP).
With the above in mind, then, the rathematical programming problem to
be solved reduced to the following: | R

Let x,, = ¢(x) +32.744 - 1.511x;, - 0.004 xp,.

14
Maximize |
(x) = - 0.082%3 - 0.001x;5 + 0.120x,, + 0.002x77 + 0.016xy,x

+ 0u179x]8 + 0.002x

19
subijact to:

L. (L) -0.364x 15 L6 6x,
~6.662x, o ~ 0.032x , + 0.091}-{162 + 0.090xl72'
§; ~862.286 + 0.674x), + 0.358x,, | -
(Budéet Equation)‘ | o
I (2) x5 * x5 < 100 Scaled Variables N
(3) 314 *+ %6 < 100 x;,¢ 1 unit = $1oo o o

IIT.  (4) 1.7 < X, < 52.6 ¢ x 1 unit = 1, ooo pupils

22°
(5) 14.7 < x5 <. 60.6

(6) 22.2 ¢ x;. < 84.3 Constants
7) 69.5 < xp- < 137.5

(7) e *1a’ %22
(8) 12.3 ¢ x4 < 22.2

(9) 44.9 ¢ x;4 < 898.3

L}
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Since x5 = p(x) + constant, it follows that in maxirhizing
¢(x), X1 is also being maximized. For that reason progranming
algorithms never have a constant term 1ﬁ the objective function,
since it 1; not needed and its omission simplifies the prograﬁming
process, Thus a simple transformation of variables can alha}s eliminite -
the constant term in the objective function. Of importance wés h
whether or not the objectivé function was concave. Giveﬁ fﬁat: .
X1q * constant, $(x) was a linear function. Linear fuﬁctionéféfe
always concave. Thus ¢(x) was a concave function. This meant that
any local optimum determined by the algorithm would also be4éigloba1

optimum,

Results of the Programming Analysis

In order to expedite the comparisons that were to be made with
cach "run" of the analysis, Table 5 lists the variables manipulated
in the prdgra@ming analysis along with the mean values obser#ed in
the populatioﬁ. Obviously, after each optimization the.fegdité can be
compared against the mean values. N :}t ;. t‘»‘_k_

For the first “run® x , (PREP  4) and xpp (ADA) were set at
their mean values. The results were

*21 x13 X15 X16 X17 X18

X19
48.0 1.7 4.7 73.5 9950 222  898.3
L& LB 0PT 0PT B

R
P

LB -'ioﬁer boun& of the variable
UB - Upper bound of the variable o
. OPT - Optimal value of the variable (L8 £ OPT & UB). .

-
3 .

The analysis suggested that an optimal allocation of resources among
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the given variab1es would predict an increase in achievementa(xZI) of
4.9 units. This represented an increase of 0.71 standard deviations.
Experience did not seem to count EIP x]s); nor did class size (x13)
or the pupil-support ratio (x ) Advanced training (xis) was deemed )
most important of the variab1es affecting achievement; salary (x,,)
counted also. It should be noted at this point that in a programming
analysis, variables are assumed to be independent of each other.
that is, a change in one should not automafica1ly cause change-inl
others. Thus, given the existing salary increments for advanced
training, an fncrease in 46 (ADPREP) was likely to 1ead‘to an
increase 1n xy7 (MEDSAL). The analysis could not reveal what that
change would be.  However, increases in X7 can be viewed as that
accruing beyond that due to xj4. To express it another way, the above
suggests that the median salary could still be increased by 0.69 S.D.
{perhaps by5raising the base salary) after increases in medfan salary
due to 1ncneases in advanced preparation had been attributed.

Some may suggest that by allowing. the pupi]-support ratio (x]g)‘_'
to go to its maximum value, other outcomes (most 11ke1y affective o
ones) would be affected. This could be an instance of 1ncrea51ng
one -output at the expense of another. With the model though |
minimum standards to be achieved by other outputs can be set. Thus ‘
a pupil-support ratfo of 136.5 (popu]ation mean) may be necessary to

maintain minimum standards on other outputs. Consider the second

i S
r kS

“run," then, where X19 ® 136.5,

X2 ok %15 X16 po M8l Xy

3.7 1Y 14.7 70.1 9670 22.2  136.5
L8 L8 OPT OPT" - UB - [ FIXED

\ L
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By requiring a maximum pupil-support ratio of 136.5, achievement
increased by 0.38 S.D. as against 0.71 S.D. previously. Mone'
resources were expended to maintain this level for X199 resonrces
that take away from advanced training and salary with consequent
effects on reading achievement. N

Likewise, one could argue that increasing classroom Sf;e'to
tts maximum value would negatively affect other outcomes. COnsider

then 1f an average. class size of 18.5 (population mean) is mainta:ned.

X21 X13 Xy X16 Xy7 g g
44.1 1.7 14.7 65.8 9320  18.5 . 136.5 -
T ST 0Pt 0PT FIXED . FIXED

Achievement increased by 0.15 S.D. By “trading off" only onjthe

resources expended for experience, less is available to increase

X16 and X17° Actually, there is evidence td;suggest tnat decision- |

makers, given the chcice of reducing class size or increasing salaries,.

have chosen.éo increase salaries.b Thus in future "runs" class size

assumed its maximum value. Lo
The runs considered so far have had x]4 (PREP¢:4J equal to 1tslﬁ'"

mean value. Consider what happened when x14 = 0.

X2] *13 X15 M6 . M7 NMa My
46.1 1.7 14.7 75.4 7970 22.2 - - 136.5
LB LE OPT 0PT U8 .  FIXED

Comparing this with-a previous “run® a greater nredicted 1ncrease o
in achievement (0.44 S$.D.) was found as expected, that 1s, decreases !i
in x]4 (PREP £ 4) shou]d be associated with 1ncreases 1n achievement
(b = -1.511). Looking at Xy (MEDSAL) However, a decrease from the
mean value of 9,150 was noted. This was due to the interaction term
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X14%97 vhich was discussed earliier. The effect that salafy had on
achievement interacted with X14° The greater the percentade of
teachers with 1ess than four years training, the more 1mpartant
the level of.saIary became. However, when xj4 = O, the b ﬁéight for
salary was only 0.002, which was small compared to advanced training
(b = 0,120}, Mo wonder then that analysis suggested that more money be
spent on xls-(ADPREP). One interpretation of the above could be that ,
by reducing the base salary by a given amount, this money could thenb
be expended for teachers with advanced training. ‘As to what the overall
median salary would be as a result is not clear. If decision-makers
, we}e keluctant.tovdecrease the base salary, then the model'alloﬁs a
lower bound- to be set on the salary level and the problem can be
resolved,

The effect that district size had on achievement and the
distribution.of resources was considered, Throughdut it wat-assumed
that xy, =.5.§7 (population mean). Table 6 gives the resu]ts of
analysis at various levels of x,o (ADA). The table shows that by
1ncreasing the size of the district the par-pupil ‘cost was lowered
and hence within a given budget more money could be expgnded on X16
and x,, with the consequent effects on achievement. Johﬁs and Morphet .
concluded that the optimal size of a school district should be
approximately 50,000 students.7 In going from the population mean of \
9,180 to 50,000, with the sane per-pupil budget, the percentage of '
teachers with advanced training (x]5) could be increased by 2.1 | |
percent and the medfan salary (x]7) could be increased $17Q atqve

that due to increases in X16°
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To complete the final stage of the data analysis the per—pﬁpil }
budget was incremented by fixed amounts. It was assumed that x,, = 9,180 "
and two levels of x,,, namély X14 = 0 and x)4 = 5.87 were considered.
Table 7 gives the results of the analysis. The interpretation of these
results preseated some problems. First, we note that increasing the
per-pupil budget.by $100 had a greater effect on achievement when
X4 = 5.87 than when X4 = 0 (x2] = 48,] as againSt X2 =.47.é)} | )
That this was so 1s obscuwed by the following. At some point in increasing
the budget $100, for the case where X14 = 0, Xy reaches its maximum |

value. From that point on, only salary (x]7) can make a contribution, = :

“but its effect was far less than that of x5, That may be why x

vas qreater when'x]4_= 0 than when x14 = 5,87 and the budget increment _'L

vas $0, but was reversed when incremented $100. This would suggest that .

the lower half of the table is more easily interpreted than the upper' '

half, At anj rate, when x;4 = 5.87, a budget increment of $100

raised achlevement from 45.7 to 48.1 (ingrease of 0.35 S.0.). In L

incrementing $200, ahievément: increased to 49.7. The rate ofrincreaseff%: C

was less for the second $100. This {is so, because X16 reacheé.ifs -

maximum value sometime during the secoﬁd $100 increase. Nith'on!y

salary left to make a contribution, the rate of increase becaﬁe far lesé. 4
This suggests a practical problem in incrementing the'budget.

When highly contributing variables reach their maximum values what

vould happen if extrapolation were made beyond the observed ranée nf |

values? Given that X16 (ADPREP) makes a major contribution; it cou]d,;“

be that extending X16 beyond its observed haximum (84.3) would continué.

to result in similar contributions. Of course, such analysis would

* - ) S
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have to be regarded as highly speculative. | ‘ . ;
Perhaps the budget increments that were chosen weré too‘iarge.,

It may be unlikely that a school district wouid increase its péerupil ,
budget by $100-in a given year. Given a more moderate'ingreasé;;where
chief variables do not attain maximum values, could generate é;néu ,
population of vaiues. ‘Those'districts that were previously h§§ﬁ‘the
observed maximum would use the budget incfement to increase valuéév

of X16 beyohd the previous meximum value., With a new populatiﬁﬁ ﬁf
values, another production function analysis would establish parameters -
based on the new population. Essentially, then the process of; . |
estimating a production function can be conceived as iterative fn‘
nature, Each new year provides additional infofmation by which the

analysis can be revised and extended.

Discussion

Given that’ the primary focus of the study was to develop a mathematical
model to aid‘décjsion-makers in educational planning, the most relevant
concern is whether or not the model would actually work under f§61
conditions. If the results suggested in the analysis for the iaif‘
school districts involved were actually implemented, would changes in
achievement be within a reasonable range of that which was predictedf
Of course, the answer to that question is presently unanswerahle. The
only way the adequacy of the model can be known is to actually implement

the policies suggested by the analysis. However, a one-shot case

~ approach could not constitute grounds for adequate verification. To

prove the adequacy of the.model would require that it be tested for a |

sufficiently targe number of cases and then consider the ratio of

Ll B
t
.
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successes to failures, such ratlo being the ultimate criteridn df e
effectiveness. Thus, 1f model forecasts were shown to be reasonabiy .
correct 95 percent of the time, then it could be stated that the model
has been able to describe and predict reality very well, and couid be '
expected to do so in the near: future. _ ‘ o

The primary limitation of the present study-was. in the research ;T?£7fff
design. The major difficulty in a survey study is that causal. significance =
can never be attached to the conclusions. Thus in the present study S0
differences in achievement could be estimated among schoois having
different percentages of teachers with advanced training. Uhat cou]d d' i, )
not be known was whether actually increasing the percentage for given 1.i;fgfj;
schools would produce the same differences. To establish snch‘cause d,f- o
and <ffect relationships generally requires an experimentai longitudinai
study design. To find out what happens to a system when you interfere with
it, you have to interfere with it, not just passively observe 1t. -

In the present study it was recoqnized that omission of relevant "_
variables can btas the estimates of the regression coefficients.,ﬁi' ”'!:;'
Given the nature of a survey study, it can not be known with certdinty yff{;ﬁﬁ%i
{f all influences acting on the dependent variables through the’ indepen- o 5;
dent varfables have been brought into the analysis. Nevertheless. -f““‘ﬁ'iif%f:
merely pointing to this weakness does not discredit the study. One . s
needs to show that a bias exists and that it matters. In the context

of the conceptuai framework it is important to recognize the nature i:]ffi'?fff?

and extent of controis that were used in the empiricai appiication.~g

. for. 1nstance. an attempt was made to contro) for student background .

' "Fﬁffnthrough the use of SES variabies (percent of incomes above°$10‘000i. :
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for community Influences through the use of such variables‘asiattendance _
and future training; and for student peer-group effects through'oercentage ‘
of minority enroliment and ESEA Title I pupils. No doubt,'other ' o )
influences were omitted from the model, but to what extent the coefficients | ,*-_f
were biased 1s not clear. It could be that given the present controls, o B
remaining sources of bias may only slightly effect the coefficients._j

Given this state of affairs, the chief contribution of the present.
study can be viewed as_analytical.' Analytical studies of this t&pe’arek
those that typically search for the most important reiationships-amongl
the inputs of the educational system and its outputs, the principaf
purpose being to locate possibilities for improvement'that appear'worth :
exploringi The findings of such analyses are necessarily probabiiistic.’
Even so, statements about "What would happen if , . .?" are iikeiy to
1ead to far wiser decisions about educational policies than the kinds
of uninformed hunches on which educational decision-makers often rely. _
Theoreticaily, there is every reason to suppose that the type of _
analysis displayed fn the present study should be highly usefu) in -i-" |
halping educators.obtain some idea,of how best to deployiavailabief ;fA‘-: ‘
funds, facilities, and personnel so as to maximize the.edocationaf';li'
outcomes students will attain, or to arrive at informed judomentszlﬁj ‘;.
about what trade-offs might be made among several kinds of inputs; i"‘ k
One of the shortcomings observed in the present anaiysis was

,found when the budget constraint was incremented. It was found that‘iiil§kimi*,

,‘very q01ck1y one reached the bounds of observed variation in relevantit’fﬂ75}l'*
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Thus the production function should be estimated annually.tho da so |
leads to two distinct advantages, First, with each new year to be
considered, variation in the ranges of variables previously:observed A
is expected to occur. Also, if results of previous analyses have been
implemented, then wider ranges are to be expected in the important
variables. If such a variable has previously been deployed to its )
maximum value, then a new population presents a new range of variation
and analysis proceeds. | | , o

Yore importantly, with periodic assessment, one can proceed in a
mannep analogous to Bayesian statistical procedures. This'means that
prior information based on previous years' analyses can be used to
improve and :arfect current estimation of the regression coefficients
of the various input factors. Given that cyclical variations may occur
from year to year, the process is deemed important for determining the-
average effects of uariables over a period of years. N

[t is hardly to be questioned that studies confined to the .
practical applications of models should be energetically pursued to
provnde, eventually, a firmer basis than now exists for dealing with
broad questions of educational policy. Mathematical models, such as
was developed in this study, allow decision-makers to fOrmfeXpectations‘
of future consequences, these expectations being based on knoun empirical ,

‘relationships and the decision-makers judgments. e _.i | g

A1 of the foregoing does not mean that in applied work the

‘,f~researcher even pretends to be able to find the best of all possible fii,§1't'l

i"”decisions. The data are too incomplete and sometimes inaccurate. the
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the educational process is too 1imited for him to be able to come up |
with anything more than approximations to the ideal of the true optimum,
Nevertheless, anzanalysis which is specifically designed to look for
optimal decisions, crude and approximative ;hough it may be,‘is verj.
1ikely to do much better than the workable but relatively arbitrary

rules of thumb which play so promineﬁt a part in educational practice.
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TABLE 2

REGRESSION COEFFICIENTS FOR THE PRODUCTION FUNCTION

(DEPENDENT VARIABLE: READING ACHIEVEMENT--X, ) ‘
Tz — = e ————— = ———°%
F-to~ F~-to- .
o, Variable Title Coefficient? Enter® Remove® — -
Lineaxr Terms o
3 Incomes over $10,000 0.150 33.95  13.26 (2)d
6  Attendance -52.807 8.91 14.35 .- (2) -
7 Future Training 0.093 10.35 14.35 . (2) .
12 Expenses for Instruction 4,292 14.26 = 6.87 (3) -
3 Longevity Experience -0.042 3.13 1.0¢ (3)
14  Teacher Preparation -1.511 5.09 11.12 (3)-
15 Teacher Experience -0.001 2.80 0.00+’ (3)
16  Advanced Preparation 0.120 40.23 10.53 = (3)
17  Median Teacher Salary 0.002¢® 3.19 o.00* (3)
18 . Average Class Size 0.220 © 3.39 1.75  (3) : .
19 Pupil-Support Ratio 0.011 3.41 9.63 - (3)
22  Avacage Daily Attendance -0.004¢ 5.51  0.71 (3)
Quadratis Terms - ' _
€ X 0.291 133.39  15.16 = (2)
12 x ~0.035 7.51 7.51 . (2)
Interacrtion Tarms
Xa¥1o" S ~0.002 0 19.3¢ 10.55 = (2)
Xg¥199 - . * -0.005 . 9.42 16.35s,v(2);f~

X14%17 10.016 11.88  8.80 -

Constant Term

2282.167 | AR

Rz = 0.79 | R
“The regression coefficient is the b welght {(unstandardized
partial regression coefficient) -
DP test of significance of a single variable in a steuw1se re-
quSSLOn at the step 0f entry into the equation _
P test of significance of a single variable in a stepwise re-
qreSSLOn after the final step of the regressxon -
42 = free variable; 3 = forced variable : RS
“Yariables X4, X2 were scaled so that truncation errors would - -

not occur. Xj5¢ 1 unit = $100; X,5¢ 1 unlt lOOOpupils e

J,* 'ESEA Title I Pupils '

3_-)";(5; ” Hinority Enrollment




TABLE 3

AN EXAMINATION OF THE INTERACTION BETWEEN THE PERCENiAGE
OF TEACHERS WITH LESS THAN FOUR YEARS
TRAINING (X14) AND MEDIAN TEACHING SALARY (X17)'

Interval No.2 Xl7b Xy 4° No. of Cases
1 [69.5, 80)% (2 , 32.1] 22
2 (8o 90) [0 , 25 ] 13
3 {90 , 100) (0 , 23.5) -  -‘43 "
4 (00 , 1100 [0 , 12.5) a5
5 om0, 120 o, 3 ) © 10
6 (120 , 130) 0.9, 1 ] . 2

SGiven an interval for X,., such as [69.5, 80), the interval
17
ol corresponding values for X14 wWas determined. This means °

that as Xy, assumed values in the interval [69.5, 80), the
range of Xy, was restrlcted to the interval [2, 32 ll

ALI was scaled. 1 unit = $100
d(l‘ repregented a percentage

1e:t but not on the right.

B b e A eae o e

) means that the interval includes the number on the .




TABLE 4

REGRESSION COEFFICIENTS FOR THE BUDGET EQUATION B

(DEPENDENT VARIABLE:
EXPENDITURES PER PUPIL-~X

INSTRUCTIONAL

4 F-to- F-to-'
No. Variable Title Coefficient ter® _ Remove®
Linear Terms _ SRR
10 Transportation Cost 7.352  13.86 277.51 (2)%
12 Expenses for Instruction 7.730 41.30 51.33  (3)
13 Longevity Experience -0.364 2.19  0.72 (3) .
14 Teacher Preparation -0.674 27.70 0.78 (3) .
15 Teacher Experience 0.409 11.06 0.72 (3)-
16 Advanced Preparation -8.817 6.22 17.51 .(3)
17 Median Teacher Salary -14.256° 197.31 15.30 (3) -
18 Average Class Size ~6.662 99.21 8.54 (3)
19  Pupil-Support Ratio -0.032" 12.97 0.78 - (3)
20 Expenses for ‘Transportation -85.886 136.10 235.80 (2)
22 Average Daily Attendance -0.358% 12.77 36.82 (3)
QuadratLo Terms ) ‘

5 th 0.021 13.26 51.88- (2)
16 xI 0.091  21.20 20.77 (2)..
17 X2 0.090 ' 22.06 22.06 (2) - .
Constant Tenn" |
1125.488

rR% = 0.94

3The regression coefflcient is the b weight (unstandardized DR
partial regression coefficient) L
bp test of significance of a single variable in a stepwise o
regression at the step of entry into the equation R
CF test of significance of a single variable in a stepwise S
regression after the final step of the regression- - - : !
d7 = free variable; 3 = forced variable

®variables X17: X3 were scaled so that truncation errors would:
not occur. XK .4t
£x,:
R B

1 unit = $100; X

Minority Enrollment "




TABLE §

VARIABLES MANIPULATED IN THE MATHEMATICAL - Coo
" PROGRAMMING ANALYSIS - :

: : . Standard : .

No. Variable Title . Mean Deviation '
13 Longevity Experience : 17.57 - 8.92:5
14  Teacher Preparation® ‘5.87 N 5.46 f:“
15 ‘Teacher Experience 37.38 _ . 9;57i-»
16 Advancéd Preparation . 52,49 “..12;65T: i““
17 .Median :I‘eacher Salary . 9,149.64 1,157;65 ‘- ‘
19 Average Class Size - 18.50 | | ‘. 1.66v“'-’ ;
19 Pupil~Support Ratio : | 136.55  v 82.20;
2L Median Reading Achievement® 43.07 :. 'f 6.86
22 Average Daily Attendance® 9,180.50 :~70,852.56:“:; :
24 Instructional Expenditures 764.51 . 139,32

Pex-Pupil® L

4ror each programming problem, %14 and Xzz‘assumed_constaptA:ﬁf.jL
szl-was the variable maximized
€X,4 was the budget constraint




TABLE 6 L S

EFFECT OF DISTRICT SIZE ON ACHIEVEMENT AND THE
DISTRIBUTION OF SCHOOL RESOURCES (Xl4 = 5.87) -

et tte—
—————1

X990 X1 *13 X5 *16 X17 X18 %19

1,000 | 45.7 1.7 14.7 69.6 9,630 22.2  136.5

5,000 § 45.7 1.7 14.7 69.8 9,630 22.2 . 136.5
9,180% | 45.7 1.7 14.7 70.1 9,670 22.2 | 136.5
20,000 | 45.8 1.7 14.7 70.6 9,710 22.2 ,‘ 136.5
30,000 [ 45.9 1.7 14.7 71.2 9,760 22.2°  136.5
50,000 } 46.0 1.7 14.7 72.2 9,840 22.2 ?,;136.5—»-

70,000 § 46.1 1.7 14,7 73.2 9,920 136,50 - )

100,000 § 46.3 1.7 14.7 74.6 10,030 136,50

:9,180 was the mean value observed in the population

43,1 was the mean value observed in the population - -

 k;f¢§§ ff "k




TABLE 7 T L.

THE EFFECT OF INCREMENTING THE BUDGET
ON ACHIEVEMENT (X22 = 9,180)

Increments
in Per- : ‘
Pupil Budget | *21 %13 *15 16 *17 X5 X4
X14 = 0.0
50 46.1 1.7 14.7 75.4 7,970 22.2 136.55 .
B LB® 1B OPT OPT UB ~ FIXED® . = .
$100 - | 47.2 1.7 14.7 84.3 10,250 22.2 '136.5 -
LB LB UB OPT UB  FIXED -
LB LB UB OPT UB . FIXED -
LB LB OPT orT UB FIXED
X4 = 5.87 .
50 | 45.7 1.7 14.7 70.1 9,670 22.2 . 136.5 -
S LB LB oPpT 'OPT ' UB - FIXED.: :
LB LB | OPT  OPT UB .: LFIXED .
$200 : 49.7 1.7 14.7 -84.3 12,040 -22,2 7 136.5 "
- LB LB UB OPT UB - FIXED.: .
$-50 43.8 1.7 14.7 60.0 8,850 22.2 .'136.5 .
LB LB OPT OPT UB . PIXED:"

aLB - Lower bound of the variable’
UB -~ Upper bound of the variable
OPT - Optimal value of the variable (LB < OPT < UB) o e
bx,4 was manipulated, but the upper bound was fixed at 136ﬁ5‘,¢~;“;

'\'..
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